On tight Euclidean designs (Algebraic Combinatorics) by 坂内, 悦子
Title On tight Euclidean designs (Algebraic Combinatorics)
Author(s)坂内, 悦子




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
On fight Euclidean designs









(1988). $X\subset \mathrm{R}^{n}$ , $t$- $f(x)$
$\dot{.}\sum_{=1}^{p}\frac{\omega(X_{i})}{|S_{i}|}\int_{S_{*}}$
. $f(x)d \sigma_{i}(x)=\sum_{x\in_{d}\mathrm{Y}}\omega(x)f(x)$
$X$ $t$- . $\{S_{i},$ $1\leq$
$i\leq p\}$ $X$ , $X\dot{.}=X\cap S_{i}$ ,
$w:Xarrow \mathrm{R}_{>0}$ $X$ . $X\subset S^{n-1}$
$t$- . Neumaier Seidel (1988 ) Delsarte
Seidel (1989) $2e$- $X$
$[ \frac{e}{2}]+1$ $X$ Fisher
, $|X|\geq(\begin{array}{l}n+\mathrm{e}\mathrm{e}\end{array})$ .
$2e$- $X$ $[ \frac{e}{2}]+1$
$|X|=(\begin{array}{l}n+e\mathrm{e}\end{array})$ tight ,
tight 2\sim , weight
tight 4- . Box Hunter
rotatable design 2 rotatable design $(\begin{array}{l}n+22\end{array})$
( 2 rotatable design $(\begin{array}{l}n+22\end{array})$
).
Neumaier Seidel tight $2e$- , weight
, $2e\geq 4$ ,
.
–
$t$- Neumaier-Seidel [15] .







. $X$ $\mathrm{R}^{n}$ .
$\{r_{1}, r_{2}, . . . , r_{p}\}=\{||x|||x\in X\}$
. $X$ T $p$ . $\mathrm{O}\in X$
0 . $S_{i}=\{x\in \mathrm{R}^{n}||||x||=r_{i}\}$ , $X_{i}=X\cap S_{i}$
. $S_{i}$ Haar $d\sigma_{i}(x)$ $|S_{i}|=r_{i^{n-1}}|S^{n-1}|$
. $S^{n-1}$ $\{x\in \mathrm{R}^{n}|||x||=1\}$ . $X$




$X$ $\omega$ $\mathrm{R}^{n}$ , $t$ . $X$
$X$ :
$\sum_{i=1}^{p}\frac{w(X_{i})}{|S.|}.\int_{x\in S}\dot{.}f(x)d\sigma_{i}(x)=\sum_{\mathrm{u}\in X}w(u)f(u)$
$t$ $n$ $f(x)$ .
Neumaier-Seide1[15] .
NS (Neumaier-Seidel) $X$ $\mathrm{R}^{n}$ . (1)
(2) :
(1) $X$ t- .
(2) $||x||^{2j}\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}\iota(\mathrm{R}^{n})$ , $1\leq l\leq t,$ $0\leq j\leq$ [ $\frac{t-}{2}$l], ’ $f(x)$ [
$\sum_{u\in X}w(u)f(u)=0$ .
$0\not\in X$ Neumaier-Seidel
. $\mathrm{O}\in X$ $X$ $X-\{0\}$
.
t- t-
. $\mathrm{N}\mathrm{S}$ (2) .
1. $\lambda$ $\mu$ $.\text{ }$ . .
(1) $X$ $\omega$ t- .




DS (Delsarte-Seidel) (1) $X$ $\omega$ 2\sim . $\mathrm{O}\not\in X$
$|X| \geq\sum_{i=0}^{2\mathrm{p}-1}(\begin{array}{ll}n+s -i-1s -i\end{array})$
.






DNS (Neumaier-Seidel, Delsarte-Seidel) $X$ $\omega$ 2e- .
$p \geq[\frac{e}{2}]+1$
$|X|\geq(\begin{array}{l}n+ss\end{array})$
( $X$ 0 ).
tight
tight .
$|’\mathrm{T}$.p(n\geq --[-e2g]+I/1 \emptyset \vdash 1\check \supset \Xi |fXn]\emptyset |$=\ovalbox{\tt\small REJECT}_{e}^{n+e}\mathrm{t}\mathrm{i}\mathrm{h}\mathrm{t}$) $\mathrm{B}_{>ffi\text{ }\vee\supset\#\doteqdot}^{*}2e-\vec{\tau}\#\text{ }\grave{J})X\text{ }-\text{ })\mathrm{I}\backslash \backslash X\text{ }\omega \text{ }2y\text{ ^{}\backslash }\backslash$eg-\mbox{\boldmath $\tau$}--ffl#\emptyset 4ti
$\sqrt$‘ghkt\not\subset 2e-
. ( $X$ .)
$\epsilon \mathrm{T}.\mathrm{p}(p\mathrm{f}\mathrm{f}\mathrm{l}\emptyset \mathrm{P}\cap\iota[;\mathrm{B}\Phi 1\dot{.}\Phi \mathrm{t}\mathrm{i}\mathrm{h}\mathrm{t}2.\cdot e-\vec{\tau}\# 4\grave{J})\text{ }\mathfrak{l}’0\not\in X\mathrm{B}>\vee\supset|X|=\Sigma_{=0}^{2_{\mathrm{P}^{-1}\ovalbox{\tt\small REJECT}^{n+e-\cdot-1}}}e-\cdot)\mathrm{B}\mathrm{i}ffi\text{ }$
$\text{ _{}1’X\text{ }p\text{ }\mathrm{S}^{\backslash }}X.\#\text{ }\omega \text{ }2e- 7^{\vec{-}\psi \text{ _{}-J\text{ }} _{}\mathrm{p}’\llcorner\backslash \mathrm{a}\mathrm{e}\text{ _{}-}\mathrm{b}\text{ }}’\backslash$$\text{ }\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}$
2e- .
Tp $\mathrm{O}\not\in X$ . $p$ tight $2e$- ( Tp)
$p<[ \frac{e}{2}]+1$ $|X|<(\begin{array}{l}n+e\mathrm{e}\end{array})$ . $p=1$
$X$ tight $2e$- . $p \geq[\frac{e}{2}]+1$
$|X|=(\begin{array}{l}n+e\mathrm{e}\end{array})$ $X$ tight $2e$- ( T) .
.
$X$ $p$ tight $2e$- (1), (2) (3)
.
88
(1) $||\mathrm{J}|\ovalbox{\tt\small REJECT}||y||$ $w(x)\ovalbox{\tt\small REJECT} w(\psi$ . $w$ $X_{\ovalbox{\tt\small REJECT}}$
.
(2) $i\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} i\ovalbox{\tt\small REJECT}$ $X_{\ovalbox{\tt\small REJECT}}$ e- .
(3) $w$ $X$ $p\ovalbox{\tt\small REJECT} e$ .
$X$ $\mathrm{R}^{n}$ tight 4- .
$X$ $X-\{0\}$ t $S^{n-1}$ tight 4- .
$S^{n-1}$ tigllt 4- $n=3$ $n=(2m+1)^{2}-3$
$m$ (cf. [1], [5]). $S^{2}$ $S^{(2m+1)^{2}-4},$ $m=1,2$
tight 4- . $m\geq 3$
, . ,
Venkov $m=3,4$ $m$ $S^{(2m+1)^{2}-4}$ tight 4-
([5]).
tight 4- Box Hunter (1957)
2 rotatable design . (
$(\begin{array}{l}n+2n\end{array})$ ) 2 rotatable design } .
. $X$ $\mathrm{R}^{n}$ , $\omega$ $X$
. 0 $\not\in X$ $X$ $\mathrm{T}$ $p$
$S_{1},$ $S_{1}\ldots,$ $S_{p}$ . $p$ $S= \bigcup_{=1}^{p}\dot{.}S_{i}$
. $\mathcal{P}(\mathrm{R}^{n})$ $n$ , $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}(\mathrm{R}^{n})$
$\mathcal{P}(\mathrm{R}^{n})$ . $l$ $\mathrm{H}\mathrm{o}\mathrm{m}\iota(\mathrm{R}^{n})$ $l$
, $\mathcal{P}_{e}(\mathrm{R}^{n})=\oplus_{l=0}^{e}\mathrm{H}\mathrm{o}\mathrm{m}_{l}(\mathrm{R}^{n}),$ $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{l}(\mathrm{R}^{n})=\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}(\mathrm{R}^{n})\cap$
$\mathrm{H}\mathrm{o}\mathrm{m}\iota(\mathrm{R}^{n})$ . { $\mathcal{P}(S),$ $\mathrm{H}\mathrm{o}\mathrm{m}_{l}(S),$ $\mathcal{P}_{e}(S)$ , Harm(S), $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{l}(S)$
$S$
. $\mathcal{P}(S)=\{f|s |f\in \mathcal{P}(\mathrm{R}^{n})\}$ . Harm(R”) $<\varphi,$ $\psi>=$
$\frac{1}{|S^{\mathfrak{n}-1}|}\int_{\xi\in S^{n-1}}\varphi(\xi)\psi(\xi)\mathrm{d}\xi,$ $\varphi,$
$\psi\in \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}(\mathrm{R}^{n})$ ( $\mathrm{d}\xi$ aar )
. $\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}_{l}(\mathrm{R}^{n})$ $\varphi_{l,1},$ $\ldots,$ $\varphi_{l,N_{l}}$
$(N_{l}=\dim(\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{m}\iota(\mathrm{R}^{n})))$ . [ $\{||x||^{2j}|j=0,1,2, . . . , p-1\}$ $X$
. $l$
$\mathcal{P}(X)=\{f|_{X}|f\in \mathcal{P}(\mathrm{R}^{n})\}$ [ $<f,$ $g>\iota-\cdot--\Sigma_{x\in X}w(x)||x||^{2l}f(x)g(x)$ \mbox{\boldmath $\tau$}.
. $l$ t $<,$ $>_{l}$ Gram-Schmidt $\{||x||^{2j}|i=$
$0,1,2,$ $\ldots,$ $p-1\}$





. , $l,$ $0\leq l\leq e$ ,
$\mathcal{H}_{l}=\{g_{l,j}\varphi_{l,i}|0\leq j\leq\min\{p-1, [\frac{e-l}{2}]\}, 1\leq i\leq N_{l}\}$
89
, $7 \{=\bigcup_{l=0}^{e}H_{l}$ . $H$ $\mathcal{P}_{e}(S)$ .
$\dim(\mathcal{P}_{e}(S))=|H|=\sum_{i=0}^{2p-1}(\begin{array}{lll}n+s -i- 1s -i \end{array})$
. [1], [8] .
$X\cross H$ $M$ .








2 Neumaier-Seidel [15] .
DS (Delsarte-Seidel) (1) .
3 .
2 $X$ $p$ tight 2e-
(1), (2) (3) ,
(1) $||x||=||y||$ $w(x)=w(y)$ . $w$ $X_{1}$.
. .
(2) $i,$ $1\leq i\leq$ $X_{i}$ e- .
(3) $w$ $X$ $p\leq e$ .
$p$ $s$- [4] .
$X$ $p$ tight $2e$- $M$ .




$(M^{t}M)(u, u)=w(u) \sum_{00\leq l\leq e,\leq j\leq\min\{p-1,[\frac{e-l}{2}]\}}||u||^{2l}g_{l_{\dot{\beta}}}(u)^{2}Q_{l}(1)=1$
,
(2) $(M^{t}M)(u, v)=\sqrt{w(u)w(v)}\cross$
$\sum$ $||u||^{l}||v||^{l}g_{l\dot{g}}(u)g_{l_{\dot{\theta}}}(v)Q_{l}( \frac{(u,v)}{||u||||v||})=0$ ,
$0\leq l\leq e$ , 0\leq j\leq in{p-lt[7]}
90
81
$(u, v)$ $\mathrm{R}^{n}$ .
$gl,j(u)$ $u$ $g_{l,j}(u)$ $u$ { . $w(u)$
$u$ . $u,$ $v\in X_{i}$
$0 \leq l\leq \mathrm{e},\sum_{0\leq j\leq\min\{p-1,[\frac{e-l}{2}]\}}||u||^{l}||v||^{l}g_{l,j}(u)g_{l,j}(v)Q_{l}(\frac{(u,v)}{||u||||v||})$
$\mathrm{R}^{n}$ $(u, v)$ $e$ $X_{i}$ $r_{i}$
\sim . $\omega$ $X$ (1)





. , tig $ht$ \downarrow
$X$ ( $\mathrm{T}$).
$|X|=(\begin{array}{l}n+22\end{array})$ $p\cdot\geq 2$ . $\mathrm{O}\in X$
$X-\{0\}|\mathrm{h}p-1$ \downarrow . $p\geq 3$ $\mathrm{D}\mathrm{S}$
(Delsarte-Seidel) $|X-\{0\}|\geq(\begin{array}{l}n+22\end{array})$ . $p=2$
. $|X-\{0\}|=(\begin{array}{l}n+22\end{array})-1$ $X-\{0\}$ tight\downarrow
([1] ).




$X=X_{1}\cup X_{2}$ $X_{:}$ 2- .
$|X_{1}|\geq|X_{2}|$ . 2 1 $w(u)\equiv 1,$ $u\in X$ ,
$r_{1}=1$ . $R=r_{2^{2}}$ . $H_{0}=\{\mathit{9}0,0, g_{0,1}\},$ $?t_{1}=$
$\{g_{1,0}\varphi_{1},\dot{.}|1\leq i\leq N_{1}\}$ $H_{2}=$ { $g_{2,0}\varphi_{2,:}$ $\leq i\leq N_{2}$ } . Gram-Sch dt
$g_{0,0}(x) \equiv\frac{1}{\sqrt{a_{0}}}$ , $g_{0,1}(x)= \sqrt{\frac{a0}{a_{0}a_{2}-a_{1^{2}}}}(||x||^{2}-\frac{a_{1}}{a_{0}})$ , $g_{1},0(x) \equiv\frac{1}{\sqrt{a_{1}}}$ . $g_{2},0(x) \equiv\frac{1}{\sqrt{a_{2}}}$ ,
. $a.\cdot=\Sigma_{x\in X}w(x)||x||^{2i}$








. $F$ ( $n$ , |X $R$) . $u,$ $v\in X_{1}$ $A=||u-v||^{2}$ ,
















2 . $|X_{2}|\geq n+1$
.
$\frac{1}{2}(\begin{array}{l}n+22\end{array})-(n+1)\geq|X_{1}|\geq\frac{1}{2}(\begin{array}{l}n+22\end{array})>n+1$ . 1-
$n+1$ $X_{1}$ T 2-
92
93
. Larman, Rogers Seidel 2-
([14]).
$\mathrm{R}\mathrm{S}$ (Larman-Rogers-Seidel) $Y$ $\mathrm{R}^{n}$ 2- . $|Y|>2n+3$
$k \leq\sqrt{\frac{n}{2}}+\frac{1}{2}$ $Y$ $\alpha>\beta$ $\alpha$ : $\beta$
$\sqrt{k}$ : $\sqrt{k-1}$ .
$X_{1}$ $\alpha>\beta$ . $R$ $R$ 3
$F(n, |X_{1}|, R)$ . LRS $( \frac{\beta}{\alpha})^{2}=\frac{k-1}{k}$
$\grave{\grave{>}}fX$ . $( \frac{\beta}{\alpha})^{2}$ $\overline{\alpha}^{B_{-\beta}}\alpha^{2}\dagger\not\in^{2}rightarrow 2\mathrm{k}-\mathfrak{y}^{2}$ ) .
$\alpha,$
$\beta$ $A$ 2 $\overline{\alpha}-\mapsto\beta\alpha^{2}+\beta^{2}$ $n,$ $|X_{1}|,$ $R$
. $G(n, |X_{1}|, R)$ .
$G(n, |X_{1}|, R)= \frac{G_{1}(n,|X_{1}|,R)^{2}}{G_{2}(n,|X_{1}|,R)}$
. $G_{1}(n, |X_{1}|, R),$ $G_{2}(n, |X_{1}|, R)$
.









, $n,$ $|X_{1}| \geq\frac{1}{2}(\begin{array}{l}n+22\end{array})$ $F(n, |X_{1}|, R)=0$ $R$ $(0, 1)$
. $R(n, |X_{1}|)$ . $G(n, |X_{1}|, R(n, |X_{1}|))$
$n$ $|X_{1}|$








tight 4- $p$ 2 $\mathrm{R}^{2}$
2 tight 4-
.
$\mathrm{R}^{2}$ 6 $X$ :
$X= \{(1,0), (-\frac{1}{2}, \frac{\sqrt{3}}{2}), (-\frac{1}{2}, -\frac{\sqrt{3}}{2}), (\frac{r}{2}, \frac{r\sqrt{3}}{2}), (\frac{r}{2}, \frac{r\sqrt{3}}{2}), (\frac{r}{2}, -\frac{r\sqrt{3}}{2})\}$ ,
H $r\neq 1$ . $X_{1}= \{(1,0), (-\frac{1}{2}, c_{2}3), (-\frac{1}{2}, -_{2}^{L3})\}$




$\pi_{r}^{1}$ for $x\in X_{2}$ .
$X$ 4- . $r=1$ $X$ \downarrow $X$
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